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RINGS WITH EACH RIGHT IDEAL 
AUTOMORPHISM-INVARIANT 

M. TAMER KO§AN, TRUONG CONG QUYNH AND ASHISH K. SRIVASTAVA 


Abstract. In this paper, we study rings having the property that every right 
ideal is automorphism-invariant. Such rings are called right a-rings. It is shown 
that (1) a right a-ring is a direct sum of a square-full semisimple artinian ring 
and a right square-free ring, (2) a ring R is semisimple artinian if and only if 
the matrix ring M„(R) is a right a-ring for some n > 1, (3) every right a-ring 
is stably-finite, (4) a right a-ring is von Neumann regular if and only if it is 
semiprime, and (5) a prime right a-ring is simple artinian. We also describe the 
structure of an indecomposable right artinian right non-singular right a-ring 
as a triangular matrix ring of certain block matrices. 


1. Introduction 

The study of rings characterized by homological properties of their one-sided 
ideals has been an active area of research. Rings for which every right ideal is 
quasi-injective (known as right g-rings) were introduced by Jain, Mohamed and 
Singh in [23] and have been studied in a number of other papers (0. ffl. 0. 
CM, E3 and [33]) by Beidar, Byrd, Hill, Ivanov and Koehler among other 
people. In [25] Jain, Singh and Srivastava studied rings whose each right ideal is 
a finite direct sum of quasi-injective right ideals and called such rings right E-g 
rings. Jain, Lopez-Permouth and Syed in [2j2j studied rings with each right ideal 
quasi-continuous and in [7] Clark and Huynh studied rings with each right ideal, 
a direct sum of quasi-continuous right ideals. 

Recall that a module M is called quasi-injective if M is invariant under any 
endomorphism of its injective envelope; equivalently, any homomorphism from 
a submodule of M to M extends to an endomorphism of M. As a natural 
generalization of these modules, Dickson and Fuller [8] initiated the study of 
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modules which are invariant under any automorphism of their injective enve¬ 
lope. These modules have been recently named as automorphism-invariant mod¬ 
ules by Lee and Zhou in [31]. In [10] Er, Singh and Srivastava proved that a 
module M is automorphism-invariant if and only if any monomorphism from 
a submodule of M to M extends to an endomorphism of M thus showing that 
automorphism-invariant modules are precisely the pseudo-injective modules stud¬ 
ied by Jain and Singh in |24J and Teply in [ID]. Guil Asensio and Srivastava 
ra have shown that automorphism-invariant modules satisfy the full exchange 
property and these modules also provide a new class of clean modules. The de¬ 
composition of automorphism-invariant modules has been described in [ID]. If M 
is an automorphism-invariant module, then M has a decomposition M = A © B 
where A is quasi-injective and B is square-free. Recall that a module M is called 
square-free if M does not contain a nonzero submodule N isomorphic to X © A" 
for some module X. Recently, Guil Asensio, Keskin Tiitiincu and Srivastava [13] 
have initiated the study of a more general theory of modules invariant under 
automorphisms of their covers and envelopes. See [1], [T5], [16], [3?j and [38] for 
more details on automorphism-invariant modules. 

Rings all of whose right ideals are automorphism-invariant are called right a- 
rings [38]. Since every quasi-injective module is automorphism-invariant, the 
family of right a-rings includes right g-rings. In fact, the class of right a-rings is 
a much larger class than the class of right g-rings as there exist examples of rings 
that are right a-rings but not right g-rings. The goal of this paper is to study 
these right a-rings and to extend the results in [23] for this new class of rings. In 
particular, we show that: 

(1) A right a-ring is a direct sum of a square-full semisimple artinian ring and a 
right square-free ring (Theorem 13.411 : 

(2) A ring R is semisimple artinian if and only if the matrix ring M n (/t) for some 
n > 1 is an a-ring (Theorem 13.611 : 

(3) If R is a right a-ring, then R is stably-hnite, that is, every matrix ring over 
R is directly-finite (Theorem [473]); 

(4) A right a-ring is von Neumann regular if and only if it is semiprime (Theorem 
14.2p . and a prime right a-ring is simple artinian (Theorem 14.71) . 

We also characterize indecomposable non-local right CS right a-rings. It is shown 
that: 

(5) Let R be an indecomposable, non-local ring. Then R is a right g-ring if and 
only if R is right CS and a right a-ring (Theorem 14.91) . 
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Let A be a right g-ring with an essential maximal right ideal P such that A/P 
is an injective right A-module. In a right g-ring, every essential right ideal is two- 
sided by |23j Theorem 2.3]. Hence A/P is a division ring. Let n be an integer 
with n > 1, let D 3 , D 2 ,..., D n be division rings and A be a right g-ring, all of 
whose idempotents are central and the right A-module A/P is not embeddable 
into Aa- Next, let Vj be D t -D l+ \-bimodule such that 

dim({Vi} Di+1 ) = 1 

for all i — 1, 2,..., n «* 1, and let V n be a P n -A-bimodulc such that V n P = 0 and 

dim({V n } A/P ) = 1. 

We denote by G n (D i,..., D n , A, Hi,..., 14), the ring of {n +1) x (n +1) matrices 
of the form 


(D 1 Vi 

Do V 2 
D 3 V 3 


\ 




V 


Consider the ring G(D, A,V). In [U, Theorem 4.1], it is shown that G(D, A,V) 
is a right g-ring. Note that if we consider the transpose then it is a left g-ring. 
In the present paper, we obtain that 

(6) G n (Di ,..., P n , A, Vi,..., V n ) is a right a-ring all of whose idempotents 
are central, where A is a right a-ring, dim(D i {Vi}) = dim({Vi}D i+1 ) = 1 for all 
i = 1, 2,..., n — 1 and dim(D n { W}) = dim({V n }/\/p) = 1 (Theorem 15.21) . 

Finally, we finish our paper with a structure theorem for an indecomposable 
right artinian right non-singular right a-ring as a triangular matrix ring of certain 
block matrices. 

Throughout this article all rings are associative rings with identity and all 
modules are right unital unless stated otherwise. For a submodule N of M, we 
use N < M (N < M ) to mean that A is a submodule of M (respectively, proper 
submodule), and we write N < e M and N <® M to indicate that N is an essential 
submodule of M and A is a direct summand of M, respectively. We denote by 
Soc(M) and E(M), the socle and the injective envelope of M, respectively. For 
any term not defined here the reader is referred to a. m and [34]. 
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2. An Example 

As already mentioned, any right g-ring is a right a-ring. Recall that right g-rings 
are precisely those right self-injective rings for which every essential right ideal is 
a two-sided ideal [23] . So, in particular, any commutative self-injective ring is a 
g-ring and hence an a-ring. Now we would like to present some examples of right 
a-rings that are not right g-rings. First, we have the following useful observation. 

Lemma 2.1. A commutative ring is ana-ring if and only if it is an automorphism- 
invariant ring. 

Proof. Let R be a commutative automorphism-invariant ring and / be an ideal 
of R. There exists an ideal U of R such that / © U is essential in R. Then 
E(R) = E(I ©[/). Let ip be an automorphism of E(R). Clearly, <^(1) e R. Now, 
for all x e I © U, we have ip(x) = ip(l)x G I ®U. So p(I © U) < I © f/ which 
implies that / © U is an automorphism-invariant module. Since direct summand 
of an automorphism-invariant module is automorphism-invariant, it follows that 
/ is automorphism-invariant. This shows that R is an a-ring. The converse is 
obvious. □ 

In view of the above, we have the following example of a-ring which is not a 
g-ring. 

Example 2.2. Consider the ring R consisting of all eventually constant se¬ 
quences of elements from F 2 (see m Example 9]). Clearly, R is a commutative 
automorphism-invariant ring as the only automorphism of its injective envelope 
is the identity automorphism. Hence R is an a-ring by the above lemma. But R 
is not a g-ring because R is not self-injective. 


3. Some characterizations of o-rings 

In this section we will prove some characterizations for right a-rings. These 
equivalent characterizations will be more convenient to use. 

Proposition 3.1. The following conditions are equivalent for a ring R: 

(1) R is a right a-ring. 

(2) Every essential right ideal of R is automorphism-invariant. 

(3) R is right automorphism-invariant and every essential right ideal of R is 
a left T-modide, where T is a subring of R generated by its unit elements. 
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Proof. (1) =>• (2). This is obvious. 

(2) (3). By the hypothesis, R is a right automorphism-invariant ring. Let 
/ be an essential right ideal of R. Then E(I) = E(R). Let T be a subring of R 
generated by its units. Then T is a subring of End(E(R)), and so TI = I. 

(3) =t (2). Let I be an essential right ideal of R. Then E(I) = E(R). Let 
ip be an automorphism of E(R). As R is right automorphism-invariant, we have 
(p(R) = R which implies that <p(l) is a unit of R. By the assumption, we have 
ip(l )/ < / and so </?(/) < I. This shows that each essential right ideal of R is 
automorphism-invariant. 

(2) =>■ (1). Let A be any right of R. Let K be a complement of A, then 
A © K is an essential right ideal of R. By assumption, A © K is automorphism- 
invariant. Since every direct summand of an automorphism-invariant module 
is automorphism-invariant, it follows that A is automorphism-invariant. This 
proves that R is a right a-ring. □ 

Corollary 3.2. Let R = S x T be a product of rings. Then R is a right a-ring 
if and only if S and T are right a-rings. 

The singular submodule Z(M) of a right A-module M is defined as Z(M) = 
{m G M : ann r R (m ) is an essential right ideal of R} where ann r R (m ) denotes the 
right annihilator of m in R. The singular submodule of R r is called the (right) 
singular ideal of the ring R and is denoted by Z{R r ). It is well known that Z(R r ) 
is indeed an ideal of R. 

Lemma 3.3. Let R be a right a-ring and A be a right ideal of R. If there exists 
a right ideal B of R with A D B = 0 and A = B, then: 

(1) A is semisimple and injective. 

(2) A is nonsingular. 

Proof. (1) Let A and B be right ideals of a right a-ring R with A D B = 0 and 
A = B. Let D be a complement of A © B in R r . Then {A © B) © D < e R r . It 
follows that E((A © B) © D) < e E(R r ). On the other hand, E((A © B) © D) 
is a direct summand of E(R r ) and so E((A © B) © D) = E(R r ). We have 
E((A ®B)®D) = E(A) © E(B) © E(D). Thus E(R r ) = E(A) © E{B) © E(D) 
which means that we have a decomposition E(R r ) = E(A) ®E(B)®C for some 
C < E(R r ). Note that E(A) = E(B) and R is right automorphism-invariant. 
By [38j Lemma 7], we get 

Rr = (R n E(A)) © (R 0 E{B)) ffi(iinC). 

We also have E(A)) = 0 and A D [(R 0 E(B )) © (R 0 C )] = 0. Since R 

is a right a-ring, the modules B © [R 0 E(A)} and A © [(R 0 E(B)) © (R D C )] 
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are automorphism-invariant. By ||3Tj Theorem 5], B is [R fl A(A)]-injective and 
A is [(R D E(B )) © (R fl C')]-injective . Note that A = B. Thus A is A-injective, 
that is, A is injective. Let tp : A —y B be an isomorphism and U be a submodule 
of A. Clearly, U ^ p(U). Let V = p(U). Then U D V = 0 and U = V. By 
a similar argument as above, we have that U is an injective module and thus it 
follows that U is a direct summand of A. This proves that A is semisimple. 

(2) Let a be an arbitrary element of Z(A). Then aR is an injective module 
since it is a direct summand of A. It follows that aR = eR for some e 2 = e G R. 
Therefore e G Z(A) and so e = 0. Thus a = 0 which shows Z(A) = 0. □ 

Recall that two modules M and N are said to be orthogonal if no submodule of 
M is isomorphic to a submodule of N. A module M is said to be a square module 
if there exists a right module N such that M = N 2 and a submodule A of a 
module M is called square-root in M if N 2 can be embedded in M. A module 
M is called square-free if M contains no non-zero square roots and M is called 
square-full if every submodule of M contains a non-zero square root in M. 

As a consequence of the above lemma, we are now ready to prove a useful 
decomposition theorem for any right a-ring. 

Theorem 3.4. A right a-ring is a direct sum of a square-full semisimple artinian 
ring and a right square-free ring. 

Proof. By m Theorem 3], there exists a decomposition R r = A © B © C where 
A = B and the module C is square-free which is orthogonal to A © B. Let 
A := A © B and Y := C. Now we proceed to show that X is square-full. Let U 
be a non-zero arbitrary submodule of A". There exist either non-zero submodules 
U\ of U and V\ of A such that U\ = V\ or non-zero submodules U 2 of U and V 2 
of B such that U 2 = V 2 . It follows that U 2 or U 2 can be embedded in X. This 
means U contains a square root in A" and hence X is square-full. 

By Lemma [3731 A and B are injective semisimple modules and so X is injective 
and semisimple. Next we show that X and Y are ideals of R. Let / be a nonzero 
homomorphism from X to Y. As X is semisimple, Ker(/) is a direct summand 
of X. So there exists a submodule L of X such that X = Ker(/) © L. As 
Ker(/) fl L = 0, we have L = f(L) C Y, a contradiction to the fact that X is 
orthogonal to Y. Hence, we have Hom(A", Y) = 0. Assume that (p : Y —> X is a 
non-zero homomorphism. Then T/Ker(^) = Im(<£>) is projective (since Im(<£>) is 
a direct summand of A). It follows that there exists a non-zero submodule K of 
Y such that Ker(</?) fl A' = 0. So K = <p(K), a contradiction to the orthogonality 
of X and Y. Therefore Hom(Y, A) = 0. 
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Thus R — X © Y, where X is a square-full semisimple artinian ring and Y is 
a right square-free ring. □ 

As a consequence of the above, we have 

Corollary 3.5. An indecomposable ring R containing a square is a right a-ring 
if and only if R is simple artinian. 

We denote the ring of n x n matrices over a ring R by M n (R). In the next 
theorem we study when matrix rings are right a-rings. 


Theorem 3.6. Let n > 1 be an integer. The following conditions are equivalent 
for a ring R: 

(1) M n (R) is a right q-ring. 

(2) M n (R) is a right a-ring. 

(3) R is semisimple artinian. 


Proof. The implication (1) =>■ (2) is obvious. 

(2) =>■ (3). Let M n (R) be a right a-ring. Assume that R is not semisimple 
artinian. Then there exists an essential right ideal, say B , of R such that B ^ R. 
Define E := a l3 e l3 : a l3 e B, 1 < j < n and a. i3 e R, 1 < i, j < n} where e 


ij 


(1 < i,j < n) are the units of M n (i?). Then clearly E is an essential right ideal 



(0 

0 

0 

... 0 

1\ 



0 

0 

0 

... 1 

0 


of M n (R). Consider the unit 

0 

0 

0 

... 0 

0 

ofM n (R). Then 


\1 

0 

0 

... 0 

V 


/0 0 0 0 1\ /0 0 

0 


0 0\ 


/0 0 0 ■■■ 0 


0 0 0 
0 0 0 


1 0 
0 0 


0 0 0 
0 0 0 


0 0 
0 0 


0 0 0 
0 0 0 


0 0 
0 0 


?E. 


\1 0 0 ••• 0 0 / \0 0 0 ••• 0 1 / \0 0 0 ••• 0 0 / 

This yields a contradiction (see Proposition [IT]). Hence, R is semisimple artinian. 
(3) =>• (1). This is obvious. □ 

The following example shows that there exists automorphism-invariant rings 
which are not right a-rings. 


Example 3.7. Let R = where p is a prime and n > 1. It is well known 
that R is self-injective. By [Til Theorem 8.3], M m (R) is right self-injective for all 
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m > 1. Thus, for instance, M m (Z p 2 ) is a right automorphism-invariant ring. But 
M m (Z p 2 ) is not a right a-ring for any m > 1 in the view of above theorem as Z p 2 
is not semisimple artinian. This example also shows that being a right a-ring is 
not a Morita invariant property. 


4. Special classes of right o-rings 

In this section, we will consider some special classes of rings, for example, simple, 
semiprime, prime and CS and characterize as to when these rings are right a-rings. 
We begin this section with a simple observation. 

Lemma 4.1. Let A and B be right ideals of a right a-ring R with A n B = 0. 
Then the following conditions hold: 

(1) If ip : A —>■ B is a nonzero homomorphism, then 

(%) p(A) is a semisimple module. 

(ii) y(A) is simple if B is uniform. 

(2) If e is a non-trivial idempotent of R such that eR( 1 — e) 7 ^ 0, then 
Soc (eR) 7 ^ 0. 

Proof. (l)(i). Let U be an arbitrary essential submodule of B. Then E(U) = 
E(B) and U ® A is automorphism-invariant. It follows that U is A-injective. On 
the other hand, there exists a homomorphism a : E(A) —> E(B) such that ol\a — 
<p. It follows that 01 (A) < U and so <p(A) < U. This shows that <p(A) < Soc (B). 
(ii). If B is uniform, then from (i), it follows easily that p(A) is simple. 

(2). Assume that eR( 1 — e) 7 ^ 0. There exists r 0 e R such that er 0 (l — e) 7 ^ 0. 
Consider the homomorphism (3 : (1 — e)R —> eR dehned by (3((l — e)x) = er 0 ( 1 — 
e)x. Clearly, j3 is well-dehned and Im(/3) 7 ^ 0. By (1)(i), we have Im(/3) < 
Soc(eA). Hence Soc(ei?) 7 ^ 0. □ 

Recall that a ring R is called von Neumann regular if for every a G R, there exists 
some b G R such that a = aba. A ring R is said to be prime if the product of any 
two nonzero ideals of R is nonzero and a ring R is called semiprime if it has no 
nonzero nilpotent ideals. 

Theorem 4.2. A right a-ring is von Neumann regular if and only if it is semiprime. 

Proof. Let R be a right a-ring. If R is von Neumann regular, then it is well 
known that R is semiprime. Conversely, assume that R is semiprime. As R is a 
right a-ring, in particular, Rr is automorphism-invariant. By m Proposition 1], 
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R/J(R) is von Neumann regular and J(R) = Z(R r ). Now we proceed to show 
that J(R) = 0. In fact, for any x G J(R), there exists an essential right ideal 
E of R such that xE = 0. Since R is a right a-ring, uE < E for all units u in 
R by Lemma 13.11 It follows that ( RxR)E < E and so (xRxR)E < xE = 0, 
and so either xRxR < P or E < P for all prime ideal P of R. Let {Piji^i and 
{Pj}j<zj be families of all prime ideals of R such that xRxR < P t for all j G / 
and xRxR % Pj for all j G J. Taking X = fl i & iPi and Y = fl jejPj- Since R is 
semiprime, X fl Y = 0. Moreover, we have E <Y and so Y < e Rr. If xRxR 0, 
there exists rr, r 2 G R such that xr\xr 2 0. Then there exists a y G R such that 
xr\xr 2 y 0 and xr\xr 2 y G Y, a contradiction. Thus xRxR = 0. Furthermore, 
as R is semiprime, we have x — 0. This completes the proof. □ 

Recall that a ring R is called directly-finite if xy = 1 implies yx — 1 for 
all x, y G R. Assume that R is a right a-ring. By Theorem 13.41 we have a 
decomposition R = S x T, where Ss is semi-simple artinian and T t is square- 
free. Since S and T are directly-finite rings, one infers that the ring R is also 
directly-finite. Next, we will see that a right a-ring is not only directly-finite but 
it is stably-hnite. If for a ring A, every matrix ring M n (R) is directly finite then 
R is called a stably-finite ring. It is known that the property of stablc-hniteness 
is of importance in topology as well as in the theory of operator algebras. 

A ring R is called right quasi-duo (left quasi-duo) if every maximal right ideal 
(every maximal left ideal) is two-sided. The condition that maximal right ideals 
be two-sided first appeared in the work of Burgess and Stephenson [5]. This 
notion has a natural connection to left and right unimodular sequences too (see 
[30]). It is still an open problem whether quasi-duo rings are left-right symmetric 
or not. 

Theorem 4.3. Every right a-ring is stably-finite. 

Proof. Let R be a right a-ring. Then R = S xT, where Ss is semi-simple artinian 
and Tt is square-free. By [16] Theorem 15], T is a right quasi-duo ring. Then 
M n (R) = M n (S®T). Thus M n (R) = M n (S)®M n (T). Clearly, M n (5) is directly 
finite. Now we proceed to show that M n (T) is directly finite. Let {Mi} be the set 
of maximal right ideals of the quasi-duo ring T. Then each M t is a two-sided ideal 
and J(T) = fl M t . Clearly, each T / M % is a division ring. Thus M n (T)/M n (Mj) = 
M n (T/Mf) is a simple artinian ring which is clearly directly finite. Consider the 
natural ring homomorphism ip : M n (T) —> f][ i M n (T/Mj). We have Ker(^) = 
M n (J(T)) = J(M„(T)). Since each M n {T/Mf) is directly finite, W i M. n (T/M i ) 
is directly finite and consequently, M n (T)/J(M n (T)) is directly finite being a 
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subring of a directly finite ring. Hence M n (T) is directly finite. Thus M n (R) is 
directly finite and therefore R is stably-hnite. □ 

A ring R is called unit-regular if, for every element x G R, there exists a unit 
u G R such that x = xux. We can now have the following result. 

Corollary 4.4. Every von Neumann regular right a-ring is unit-regular. 

Corollary 4.5. The ring of linear transformations R := End(Vo) of a vector 
space V over a division ring D is a right a-ring if and only if the vector space is 
finite-dimensional. 

Proof. If V is an infinite-dimensional vector space over D then End(Vo) is not 
directly-hnite. So the result follows from Theorem 14.31 □ 

A ring R is said to be strongly regular if for every a e R, there exists some b e R 
such that a = a 2 b. 

Proposition 4.6. Let R be a semi-prime right a-ring with zero socle. Then R is 
strongly regular. 

Proof. Assume that R is a semi-prime right a-ring. Clearly, R is von Neumann 
regular. Let e be an idempotent in R. Suppose (1 — e)Re ^ 0. Then Soc((l — 
e)R) 7 ^ 0, a contradiction. Hence (1 — e)Re = 0 and this shows that e is a central 
idempotent (see [12* Lemma 2.33]). Because every idempotent of R is central, R 
is strongly regular. □ 

Theorem 4.7. Let R be a prime ring. Then R is a right a-ring if and only if R 
is a simple artinian ring. 

Proof. Assume that R is a prime right a-ring. In view of Theorem 13.41 we obtain 
that either R is a simple artinian ring or R is a square-free ring. So, it suffices 
to consider the case that R is a square-free prime right a-ring. By Theorem 14.21 
A is a von Neumann regular ring. Since R is square-free, all idempotents of R 
are central and hence R is a strongly regular ring. Now as every prime strongly 
regular ring is a division ring, the result follows. □ 

In particular, from the above theorem it follows that every simple right a-ring 
is artinian. 

A module M is called a CS module if every submodule of M is essential in a 
direct summand of M |34j . And a module M is called a weak CS module if every 
semisimple submodule of M is essential in a direct summand of M [39]. It is shown 
in [10] that any automorphism-invariant module M satisfies the C2 property. 
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Now if we assume, in addition, that M is a CS module, then M is a continuous 
module and hence M is invariant under any idempotent endomorphism of E(M). 
Since E(M ) is a clean module, being an injective module, any endomorphism of 
E(M) is a sum of an idempotent endomorphism and an automorphism. Thus, 
a CS automorphism-invariant module M is invariant under any endomorphism 
of E(M) and consequently it is quasi-injective. This means that if R is a right 
CS, right automorphism-invariant ring then R is right self-injective. Therefore, 
we consider a weaker condition in the next proposition. 

Proposition 4.8. Let R be a right weak CS right a-ring. If e is a primitive 
idempotent of R such that eR(l — e) 7 ^ 0, theneRe is a division ring and eR{l — e) 
is the only proper R-submodule of eR. 

Proof. By Lemma [4.11 Soc(ei?) 7 ^ 0. Since R is right automorphism-invariant, R 
is right C2 by [TO] . By HD Theorem 1.4], eR is also a weak CS module. Firstly, 
we show that Soc(ei?) is a simple module which is essential in eR. Since eR is 
a weak CS module, Soc(ei?) is essential in a direct summand of eR. But eR is 
an indecomposable module which implies that Soc(ei?) is essential in eR. For 
any nonzero arbitrary element a E Soc (eR), we obtain that aR is essential in eR 
(because eR is an indecomposable weak CS module). It follows that Soc(ei?) < 
aR and so Soc(ei?) = aR. Thus Soc(ei?) is a simple module. Therefore eR 
is uniform. Since a uniform automorphism-invariant module is quasi-injective, 
eR is quasi-injective. Thus eRe = End(eR) is a local ring, that is, e is a local 
idempotent of R. 

Next we show that eR( 1 — e) is the only proper submodule of eR. Since 
eR( 1 — e) 7 ^ 0, one infers eR{ 1 — e) C Soc(ei?) by Lemma ITT] Hence 

eR{ 1 — e) = Soc(ei?)(l — e). 

We next show that eJ(R)e is a submodule of eR. Since R is right automorphism- 
invariant, J(R) = Z(Rr) by [DEE] Proposition 1 ] and so J(R) Soc(eR!) = 0 . Now 
(eJ(R)e) Soc (eR) = eJ(R) Soc (eR) = 0 and so (eJ(R)e)(eR( 1 — e)) = 0. On the 
other hand, we have 

eJ{R)eR = eJ(R)e(Re + R( 1 — e)) = eJ{R)eRe C eJ{R)e. 

Hence eJ(R)e is an .R-submodule of eR. Since Soc(ei?) is simple, we have 
eJ(R)e fl Soc(e-R) = 0 or Soc(ei?) < eJ(R)e. Suppose Soc(ei?) < eJ(R)e. Then 
eR( 1 — e) = Soc(ei?)(l — e) < eJ(R)e( 1 — e) = 0, a contradiction. It follows that 
eJ(R)e 0 Soc(e-R) = 0. Thus eJ(R)e = 0. 

Let / be a proper submodule of eR. Since eR is local, / < eJ(R) and so 
Ie = 0. On the other hand, we have 7(1 — e) < eR(l — e) which implies that 
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/ < eR( 1 — e) = Soc(ei?). Thus / = 0 or / = Soc(ei2). In particular, we have 
Soc(ei?)e = 0. Therefore eR( 1 — e) = Soc(ei?)(l — e) = Soc(e-R). □ 

As a consequence, we have the following. 

Theorem 4.9. Let R be an indecomposable, non-local ring. The following con¬ 
ditions are equivalent: 

(1) R is a right q-ring. 

(2) R is a right CS right a-ring. 

Proof. This follows from previous proposition and [HI Theorem 3]. □ 


5. Structure theorems 

In this section we would like to describe the structure of right a-rings. In the case 
of right q- rings, Byrd [6] and Ivanov ([18], [19] ) gave a description of right g-rings 
but their characterizations turned out to be not complete. Finally, the structure 
of right g-rings was completely described by Beidar et al in [4], 

Theorem 5.1. ( Beidar, Fong, Ke, Jain, [4]) A right q-ring R is isomorphic to 
a finite direct product of right q-rings of the following types: 

(1) Semisimple artinian ring. 

(2) H(m, D]idn) where idr> is the identity automorphism on division ring D. 

(3) G(n; A; P) where A is a right q-ring whose all idempotents are central. 

(4) A right q-ring whose all idempotents are central. 

Here 


H(n ; D ; a) = 


D 

0 


1 / 

D 


V(a ) 0 


0 

1 / 

D 


0 

1 / 


D 


V" 

D 


0 

0 


0 

V" 

D 


where V is one-dimensional 


is also a one-dimensional left 


both as a left D-space and a right D-space, V(a] 

D-space as well as a right D-space with right scalar multiplication twisted by an 
automorphism a of D, i.e., vd = v ■ a(d) for all v £ V, d £ D, 
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and 


G n (n; A;P) 


(D V 
D V 
D V 


\ 


. D V 

V A J 

where V is as above and A is a right q-ring with maximal essential right ideal P 
and hence D = A/P is a division ring. 


Now, using the above defined notations, we give the following description of 
right a-rings. 


Theorem 5.2. Let n > 1 be an integer, Di, Z? 2 ,..., D n be division rings and A 
be a right a-ring with all idempotents central and an essential ideal, say P, such 
that A/P is a division ring and the right A-module A/P is not embeddable into 
A a . Next, let V, be a Di-D i+ i-bimodule such that 

dim( Di {Vi }) = dim({Vi} Di+1 ) = 1 

for alii — 1, 2 ,...,n — 1, and let V n be a D n -A-bimodule such that V n P = 0 and 

dim( Dn {V n }) = dim({V n } A/P ) = 1. 

Then R := G n (D i,..., D n , A, Vf,..., V n ) is a right a-ring. 

Proof. Let 1 < i < n + 1 and e t be the matrix whose {i , i )-entry is equal to 1 and 
all the other entries are 0. It is easy to see that ejRej + 1 are minimal right ideals 
of R for all j = 1,2 ,,n. Let K be a right ideal of the ring A and let K to be 
the set of all matrices whose (n + l,n + l)-entries are from K and all the other 
entries are 0. Given 1 < i < n and a right ideal K of A. We are going to adapt 
the techniques of [3j Proposition 2.16]. First, we have the following facts which 
will be used throughout in the proof: 

Fact 5.3. eiR and K are relatively injective. Also, e,Re l+ \ and K are relatively 
injective. 

Fact 5.4. Horn (eiR,K) = 0 = Hom(eiRei + i, K). 

Fact 5.5. eiR and ejR are relatively injective for all j ^ i. Also, e,Re i+ \ and 
ejR are relatively injective for all j i. 
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Let U be an essential right ideal of R. Then e 1 R,e l+ \ < U for all i — 1, 2,..., n. 
Set W := Note that W is an ideal of R and W < U. Since the 

factor ring R/W is isomorphic to the ring (®" =1 -D;) © A and U/W is a right ideal 
of R/W, we conclude that there exists a partition I, J of the set {1,2,..., n} and 
a right ideal K of A such that U = (ffi ig /ej-R) © {®j & jejRej + 1 ) © K. 

Now we deduce the following useful conclusions. 

(i) ®j & jejRej + i is a semisimple right /?,-module and so (Bj^jejRej+i is quasi- 
injective. 

(ii) ©jg/eji? is a quasi-injective right A-module. In fact, by Fact 15.51 we only 
need to prove that each e,R is a quasi-injective right /?-module for all i G I . 
Note that eiR,e l+ \ is only proper submodule of e,i?. Let / : e ? ;i?,e,; + i —> eiR 

(0 0 \ 

0 0 
0 0 


be an R- hornomorphism. Note that e{Rei + 1 = 


Vi 


. Then 


V 


o o 
0 / 


f(eiRei- |_i) = eiRei+i. Since dim^^Vi}) = dim({Vi}D i+1 ) = 1, there exists Vi G 

/0 0 \ 

0 0 


Vi such that D,Vi = v.jD l+ \. Assume that f(vi ) = 


0 0 


lud 


1 


o o 


V V 

for some di + 1 G D l+ 1 . There exists di G D{ such that djVi = Vidi + \. We con¬ 
sider the R -ho rno mo r p hism / : —> etR dehned as left multiplication by 

/° 0 \ 

0 0 
0 0 


di 0 


Then / is an extension of /. In the case of e n R , it 


. 0 0 

V 0 

is similar. 

(iii) K = K] © Jt 2 , where K\ is a quasi-injective A-module and K 2 is a square- 
free automorphism-invariant A-module. In fact, by Theorem 13.41 we have a 
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decomposition A = Ai x A 2 , where Ai is semisimple artinian and A 2 is square- 
free. It follows that there exists a quasi-injective A-module K\ and a square-free 
A-module K 2 such that K = K\ © K 2 . Thus K = K 1 © K 2 . Since e n+ \R(l — 
e n+ i) = 0, we obtain that K\ is quasi-injective and K 2 is square-free by [3:, Lemma 
2.3(6)]. Furthermore, by the hypothesis, K 2 is automorphism-invariant. 

Let X = (©j eI eiR) © {®j^jejRe J+ \) © K\ and Y = K 2 . Then U = X © Y. 
By Facts 15.31 15.41 and 15.51 X is quasi-injective, Y is automorphism-invariant 
square-free which is orthogonal to A", and X and Y are relatively injective. By 
ea. U is automorphism-invariant. This shows that each essential right ideal of 
R is automorphism-invariant. Now, let A be any right ideal of R. Let C be a 
complement of A in R. Then A®C is an essential right ideal of R. Thus, as shown 
above, A © C is automorphism-invariant and consequently, A is automorphism- 
invariant. This proves that R is a right a-ring. □ 

We finish this paper by giving by another structure theorem for indecompos¬ 
able right artinian right non-singular right a-ring describing them as a triangular 
matrix ring of certain block matrices. 

Theorem 5.6. Any indecomposable right artinian right nonsingular right weakly 
CS right a-ring R is isomorphic to 

/M ni (eii?ei) M mxn2 (ei.Re 2 ) M niXn3 (eii?e 3 ) ••• M 

ni xn*. (ei.Re fc )\ 

0 M n2 (e 2 i?e 2 ) M n2Xn3 (ei-Re 2 ) ••• M n2Xnfe (e 2 i?e/ c ) 

0 0 . ••• . 

\ 0 0 0 ••• M nk (e k Re k ) / 

where eiRei is a division ring, e - L Rei ~ ejRej for each 1 < i, j < k and n±,... ,nk 
are any positive integers. Furthermore, if eiRej ^ 0, then 

dim^ReXeiRef)) = 1 = dimifeiR&j)^.). 

Proof. Let R be an indecomposable right artinian right nonsingular right weakly 
CS right a-ring. We first show that eR is quasi-injective for any idempotent e G R. 
Since R is right artinian, we have Soc(ei?) ^ 0. As R is right automorphism- 
invariant and right weak CS, eR is also a weak CS module. Therefore Soc(ei?) is 
a simple module which is essential in eR, and so eR is uniform. Therefore eR is 
quasi-injective. Now rest of the proof follows from Theorem 23 in [25]. For the 
sake of completeness, we give the argument below. 

Choose an independent family T = {e,R : 1 < i < n} of indecomposable 
right ideals such that R = ffi" =1 eji?. After renumbering, we may write R = 
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[ei-R] © [e 2 R] © • • • © [ekR], where for 1 < i < k, [e^R] denotes the direct sum 
of those ejR that are isomorphic to e^i?. Let [e l R\ be a direct sum of n t copies 
of e r R. Consider 1 < % < j < k. We arrange the summands [e,i?] in such a 
way that l(ejR ) < l(eiR). Suppose ejRei ^ 0. Then we have an embedding of 
e,ji? into ejR , hence l(eiR ) < l(ejR). But by assumption l(ejR) < l(eiR), so 
l(eiR) = l(ejR), we get e 3 R = eiR, which is a contradiction. Hence ejRei = 0 for 
j > i. Thus we have 



M ni (eiR)ei) 

xri 2 (G 1 -RG 2 ) 

xrifc (^1 R&k ) 


0 

M n2 (e 2 -Re 2 ) 

• • xrife ( 62 -R 6 fc) 

R = 

0 

0 M n3 (e 3 Re 3 ) 

• • xnfc 


0 

0 

. . M nk (e k Re k ) 


where each e^-Re* is a division ring, e^-Re* ~ e jR e j f° r each 1 < i,j < k and 
n i,... , nk are any positive integers. Furthermore, if e^Rcj ^ 0, then 


dim( e . Re .(eiRej )) = 1 = dim((eiRej) ejRej ). 


□ 
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